An effective method for generating linear ordinary differential equations of maximal symmetry in their most general form is found, and an explicit expression for the point transformation reducing the equation to its canonical form is obtained. New expressions for the general solution are also found, as well as several identification and other results and a direct proof of the fact that a linear ordinary differential equation is iterative if and only if it is reducible to the canonical form by a point transformation. New classes of solvable equations parameterized by an arbitrary function are also found, together with simple algebraic expressions for the corresponding general solution.
Introduction
Linear ordinary differential equations (lodes) are quite probably the most common type of differential equations that occur in physics and in many other mathematically based fields of science. However, their most important properties such as their transformation properties, their general solutions, and even their symmetry properties remain largely unknown.
In a short paper published by Krause and Michel [1] in 1988 certain specific properties of lodes of maximal symmetry were established. In particular, the said paper shows that such equations are precisely the iterative ones, and equivalently those which can be reduced by an invertible point transformation to the trivial equation ( ) = 0, which we shall refer to as the canonical form. However that short paper left a number of important questions unanswered. It does not provide, for instance, any expression for the point transformation mapping a given equation of maximal symmetry to the canonical form.
Almost at the same time the problem of generating lodes of maximal symmetry was considered by Mahomed and Leach [2] who found an algorithm for obtaining expressions for the most general normal form of these equations based on the direct computation of the symmetry algebra.
Computations with this algorithm remain however quite tedious and the authors managed to provide a general expression for the lodes of maximal symmetry only up to the order eight. In fact the expression of the corresponding eightorder equation of maximal symmetry found in that paper is incorrect.
A more direct algorithm for generating this class of equations based on the simple fact that they are iterative was proposed recently in [3] . Nevertheless, some of the main results of the latter paper concerning in particular the generation and the point transformations of the class of lodes of maximal symmetry still have room for improvements.
It is worthwhile to mention that in recent years the study of ordinary differential equations (odes) of maximal symmetry algebra has given rise to a considerable number of research papers in the scientific literature. Examples of such studies include the determination of various types of symmetry subalgebras and some of their applications for systems of second-order odes [4, 5] . Momoniat and collaborators also studied the algebraic properties of first integrals of scalar second-order and third-order odes as well as for systems of second-order odes of maximal symmetry [6, 7] . On the other hand a solution algorithm for second-order and thirdorder odes of maximal symmetry based on Janet bases and Loewy decompositions was obtained in [8, 9] . A similar study 2 Abstract and Applied Analysis of second-order lodes of maximal Lie point symmetry and third-order lodes of maximal contact symmetry was carried out in [10] for equations in canonical form ( = 0 and = 0) to investigate amongst others the properties of their first integrals and exceptional symmetries.
In this paper, we provide a much simpler differential operator than that found in [3] for generating linear iterative equations of a general order. This gives rise to a simple algorithm for testing lodes for maximal symmetry based solely on their coefficients. The operator thus found corrects the wrong one obtained in [2, Equations (3.20) and (3.21)] as one of the main conclusions of that paper. On the other hand, we give a more direct proof than that of Krause and Michel [1] to the fact that lodes reducible by an invertible point transformation to the canonical form ( ) = 0 are precisely those which are iterative.
We also establish several results concerning the solutions of this class of equations and in particular their transformation to canonical form. In contrast to the very well-known paper by Ermakov [11] who managed to find only some very specific cases from a restricted class for which the secondorder source equation is solvable, we provide large families of second-order equations for which the general solution is given by simple algebraic formulas. All such families are parameterized by an entirely arbitrary nonzero function and the general solutions thus found for the second-order source equation yield through a very simple quadratic formula that for the whole corresponding class of equations of maximal symmetry of a general order.
Iterations of Linear Equations
Let ̸ = 0 and be two smooth functions of , and consider the differential operator Ψ = ( / ) + . We shall often denote by [ 1 , . . . , ] a differential function of the variables 1 , . . . , . Linear iterative equations are the iterations Ψ [ ] = 0 of the first-order lode Ψ[ ] ≡ + = 0, given by
where is the identity operator. A linear iterative equation of a general order thus has the form
and applying (1) show that the coefficients in the general expression (2) of an iterative equation satisfy the recurrence relation
Moreover, setting = 0 or = in (4) shows by induction on that 0 = ,
and applying (4) recursively and using the conventions set in (3) give the new recurrence relation
We note that (6) provides an algorithm for the computation of the coefficients in terms of the parameters and of the source equation and the operator Ψ, and the resulting formula has effectively been obtained in [3, Theorem 2.2] . Moreover, it is of course also possible to compute directly in terms of and the parameters and , and for = 1, 2 one finds that
If we divide through the general th order linear iterative equation
It is clear that this equation represents the standard form of the general linear iterative equation with leading coefficient one. Moreover, the well-known change of the dependent variable → exp((1/ ) ∫ 0 1 ( ) ) maps (8a) into its normal form in which the coefficient of the term of second highest order has vanished. This transformation however simply amounts to choosing and such that 1 = 0; that is, 1 = 0. Therefore, for given parameters and of the operator Ψ, an th order lode in normal form
is iterative if and only if
where is given by (6) . It follows from (7a) that the requirement that 1 = 0 holds is equivalent to having
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it follows from (7b) that in (9a)-(9b) we have
and more generally
In fact, as already noted in [2, 3] , the coefficients depend only on the function A( ) = 2 2 and its derivatives. For simplicity, it will often be convenient to denote the coefficient 2 2 of the term of third highest order in (9a) simply by q.
Having noted that the coefficients of every lode of maximal symmetry in normal form depend solely on q and its derivatives, an important problem considered in [2] was to find a linear ordinary differential operator Γ [ ] depending solely on q and its derivatives, and which generates the most general form of the linear th order equation of maximal symmetry in the dependent variable = ( ). In a recent paper [3] , it was established that, for an arbitrary parameter of the source equation, the operator
generates the linear iterative equation of an arbitrary order in normal form and in its most general form (9a)-(9b). Therefore, although the operator (13) and the equation it generates depend explicitly on (and not on q = is not available for all and . Nonetheless, we show here that it is naturally possible to make use of the differential operator Φ to generate directly a lode of maximal symmetry of the general form (9a) in which the coefficients depend only on q and its derivatives. Indeed, for any value of ≥ 2 it follows from (6) and (9a), (9b), (11) , and (12) and a simple induction on ≥ 2 that each coefficient in (9a)-(9b) depends linearly on ( ) . Moreover, it follows from (11)- (12) that
where = / . Therefore, applying the substitution (14) to Φ [ ] yields the desired equation, that is, the lode of the form (9a)-(9b) in which = [q] depends only on q and its derivatives. More formally, the resulting differential operator can be represented as
For example, for = 3 or 4, evaluating Φ [ ] yields the following expressions directly in terms of and its derivatives alone.
However, if in addition we also apply to these expressions for Φ [ ] the substitution (14) , which amounts to applying directly the operator Φ to we obtain
Comparing this with the known expressions for lodes of maximal symmetry expressed solely in terms of q and its derivatives [2, 3] shows that Φ 3 and Φ 4 yield indeed the indicated expressions. Another important observation made in this paper is that if we set = 2 for a certain nonzero function , the expression for A( ) = A ( 2 ) in (11) is much simpler and reduces to − / . Setting q = A( ) is thus equivalent to letting be a solution of the equation
which is referred to as the second-order source equation for (9a)-(9b). Thus, if we express Φ [ ] with replaced by 2 , the substitution rule for ( ) similar to that given for ( ) in (14) takes the much simpler form
Denote by Θ the operator Φ in which is replaced with 2 and to which the substitution (19) is applied. That is,
In other words Θ is just Φ as in (13), in which the source parameter has been replaced by 2 and to which the substitution (19) is then applied. Then for the same reasons that Φ [ , q] generates the most general form of linear iterative equations, Θ [ , q] also does the same. However, in view of the much simpler substitution rule (19) , the computational cost for generating these equations is much lower using Θ rather than Φ . Indeed for arbitrary values of q, generating equations of maximal symmetry of order greater than ten has been up to now a very tedious task using the original algorithm of [2] , but it is now easy to generate such equations at much higher orders in most standard computers using computing systems such as mathematica. For instance, the coefficient 
+ 784597q
Of course, if one can generate a lode of maximal symmetry of a general order and in its most general form, then the identification of any given lode as a member or not in the class of linear equations of maximal symmetry is also achieved. This is due to the fact that, in their normal form, th order lodes (9a) of maximal symmetry are completely and uniquely determined by the coefficients 2 . Indeed, suppose that
is a given lode in normal form that we wish to test for the maximality of its symmetry algebra, where are Using the operator Θ , we shall give in the next section a much simpler and direct proof than that of [1] to the fact that a lode is iterative if and only if it is reducible by a point transformation to the canonical form. To close this section, we note that by Abel's Identity the Wronskian of any two linearly independent solutions and V of the source equation (18) is a nonzero constant and will be normalized to one. It should be noted that linearly independent solutions of the second-order equation (18) are not known for arbitrary values of the coefficient q.
There are of course many other obvious criteria that can be used to identify expressions L[ ] which do not correspond to lodes of maximal symmetry. For example, the coefficients = [q] are in fact differential polynomials in q. This implies in particular that if, for instance, q is polynomial (in ), then all must be polynomials, and if it is a sine function, then the must all be polynomials of sine and cosine functions.
Reduction to Canonical Form and General Solution
The equivalence group of linear th order equations in normal form (9a) is well known to be given by invertible point transformations of the form
where is an arbitrary locally invertible function and an arbitrary nonzero constant [9, 12, 13] . In other words, an equation of the form (9a) is reducible by a point transformation to the canonical form if and only if there exists a transformation of the form (23) that maps such an equation to the canonical form. Let us denote by 
on account of (12), assuming that is the source parameter of the equation. By making use of this result of [3] , we can now provide a more direct proof than that given in [1] for the following result.
Theorem 1. A linear ordinary differential equation is iterative if and only if it can be reduced to the canonical form by an invertible point transformation.
Proof. As usual one may assume that the iterative equation is in its normal form and has source parameter . On the basis of the above stated result from Theorem 4.3 of [3] , it follows that the transformation (23) 
where
In other words, generating a linear iterative equation in = ( ) for any given value of using the differential operator Φ and transforming the canonical equation ( ) ( ) = 0 in the new variables and using the point transformation operator ( , )Ω [∫( / ), , , ] yield exactly the same equations, and this proves the result.
In [1] Krause and Michel proved this theorem indirectly as a consequence of equivalence relations, by proving the equivalence between equations of maximal symmetry and iterative equations on one hand and between equations reducible by invertible point transformations and equations of maximal symmetry on the other hand. The part in that proof stating that an ode (linear or nonlinear) is reducible to the canonical form if and only if it has maximal symmetry was however already proved by Lie [14] [15] [16] . The direct proof given here will allow us to construct various point transformations of practical importance for iterative equations as well as various forms of their general solutions.
It should first be noted that the right hand side of (26a) gives other methods for generating linear iterative equations with source parameter . In practice, however, linear iterative equations arise generally with no reference to any source parameter but are expressed solely in terms of the coefficient q = 2 2 ( ) and its derivatives. In this case, on the basis of a remark made in the previous section, a solution ℎ to the equation q = (1/2) (ℎ)( ) in (25) is simply given by ℎ = ∫( / 2 ), where is a solution of the second-order source equation (18) . Consequently, if we denote by Ω the transformation operator given by
Ω ⋅ ( ) ( ) generate exactly the same linear iterative equation expressed solely in terms of q and its derivatives.
On the other hand, since the transformation operator Ω [∫( / 2 ), , , ] maps the trivial equation to the most general form (9a) of the iterative equation, its explicit expression can be used to derive the general solution of (9a). Indeed, under this operator we have
Consequently, linearly independent solutions to the general th order iterative equation (9a) are given by
In particular, if and V are two linearly independent solutions of the source equation (18), then ∫( / 2 ) = V/ . Consequently, in terms of and V, the linearly independent solutions to (9a) in (29) above can be rewritten as
Formula (30) is well known and was cited without proof in [1] , and it is an important result for which we have not been able to find the proof in the recent literature. We naturally also found formula (28) only in this paper. Moreover, formula (29) established above provides a much simpler result by showing that linearly independent solutions of (9a) can be expressed solely in terms of a single nonzero solution of the secondorder source equation. Indeed, the solutions in (29) are clearly linearly independent as their Wronskian equals the nonzero constant ∏ −1 =1 !.
Theorem 2. A linear ordinary differential equation is iterative if and only if it has linearly independent solutions
of the form (30), where and V are two linearly independent solutions of the corresponding second-order source equation (18) .
Proof. The fact that a linear iterative equation has linearly independent solutions of the stated form is established in (30). Conversely, if a lode has linearly independent solutions of the form (30), then since the second-order source equation is reducible to the canonical form = 0 by a point transformation, without loss of generality we may assume that such a transformation reduces to 1 and V to . Consequently, the corresponding linearly independent solutions of the lode are polynomials of degree at most − 1, and thus the transformed equation is in canonical form. It then clearly follows from Theorem 1 that the equation is iterative.
Recall 
Solvability of Equations of Maximal Symmetry
The results obtained thus far in this paper will be used in this section to show amongst others that lodes of maximal symmetry are highly solvable and that it is indeed the case for the second-order source equation (18) whose solutions completely determine those of the corresponding lodes of maximal symmetry. In a very popular paper published in Russian in 1880 and recently translated into English [11] , Ermakov stated that the majority of second-order linear homogeneous odes for which it is possible to find conditions for their solvability are of the form
where the are some arbitrary constants. He then moved on in the paper to obtain some very specific cases of equations which are solvable from this class, together with their general solutions.
A couple of years later in the same decade Hill [18] considered in the study of lunar stability the most general form of the second-order lode in normal form, that is, in the form (18) , but in which the coefficient q is a periodic function. Hill's equation and its important variants such as Meissner Equation and Mathieu Equation have been amply studied [19] , and it is well known that its solutions and their related properties can be described by means of Floquet theory. These solutions can also be expressed in terms of Hill's determinant [20] . It should be mentioned that, in the context of the present paper, a differential equation is called solvable if the closed form expression of its general solution is known, regardless of the type of functions in terms of which this solution is expressed.
The results of this paper extend the scope of solvability of linear second-order equations obtained by Ermakov, Hill, and others such as Loewy [21] not only to more larger families of the coefficient function q in (18) , but moreover to all lodes of maximal symmetry of a general order. This statement holds provided that the parameter of the source equation (18) is known. Indeed, it follows from (29) and the condition = 2 relating the parameter of the source equation and the solution of the corresponding second-order equation, that for arbitrary values = ( ) of the source parameter, two linearly independent solutions of the second-order equation of the form
are given by
Therefore, linearly independent solutions of the corresponding ( −2)th iteration of (32a) can also be obtained from (29) through the substitution = 2 . More directly in terms of , we have the following result which follows immediately from (32a)-(32b) and (30). 
On one hand and on the basis of the results obtained in the previous section, it follows from Theorem 3 that not only can we generate a lode of maximal symmetry of any order and for any nonzero function , but also the general solution of any such equation is given in closed form in terms of the source parameter by (33). On the other hand, for any given lode of maximal symmetry, as long as its corresponding source parameter is known, its general solution is given also by (33). Now, to make a more direct comparison with the class of equations (31) considered by Ermakov, we note that linearly independent solutions can also be found for the standard form of (32a) which in terms of the arbitrary coefficient = ( ) of takes the form
The two linearly independent solutions of (34) are then given by
We note that as opposed to the very specific cases of solvable equations found by Ermakov from the restricted class of 7 equations (31), not only does (34) depend intrinsically on one arbitrary function, but also its general solution is given by the simple formula (35) in terms of the source parameter . We further clarify the application of Theorem 3 by an example.
Example 4. Let be a nonzero real number and consider the particular case where the source equation (18) is given by
Then it is not obvious how to solve (36) using standard methods. However, the latter coefficient q is an expression of the form A( ) as defined in (11) and (12) and more precisely with = ln( ). Therefore, since we know the source parameter of the differential operator generating (36), it follows that an explicit expression of its general solution is given in closed form by (32b). Moreover, it also follows from Theorem 3 that the closed form expression of the general solution of any equation of arbitrary order generated by the same differential operator with source parameter is given by (33).
In practice, a lode occurs however with no reference to a source parameter of the differential operator that generated it, but rather in terms of its coefficients. As already indicated any lode can always be assumed to be of the normal form (9a)-(9b), and even in such a case the results of Theorem 3 can also be used to find the general solution of lodes of maximal symmetry, in virtually all known solvable cases, in addition to those cases which can be solved only with the proposed method. It follows from Theorem 3 that to find the general solution it suffices to find the parameter of the source equation and by (12) this amounts to solving for the nonlinear second-order equation.
where 2 is the coefficient appearing in (9a)-(9b) while A( ) is given by (11) .
This approach for solving linear differential equations has some similarities with the Loewy decomposition method [21, 22] in which the solution of a linear differential equation is known once a factorization of the differential operator generating the equation has been computed. In this approach, finding the coefficients of each factor in the factorization is also achieved for second-and third-order lodes with rational coefficients by solving certain Riccati equations. We illustrate the comparison of these two methods by considering a very simple example.
Example 5. Consider the second-order equation
whose solution by Loewy decomposition is discussed in [22] . This equation has Loewy decomposition
where Lclm stands for least common left multiple [22] and the coefficients 1 and 2 given by
are rational nonequivalent solutions of the Riccati equation
It then follows from a result of Loewy [22, Lemma 2.4 ] that a fundamental set of solutions of (38a) is given by
Given that every second-order lode is of maximal symmetry, to solve (38a) with the method proposed in this paper, we first reduce it to its normal form (although from (34) this is not necessary), through the usual transformation given in Section 2. The reduced equation takes the simpler form
The nonlinear equation (37) for finding the source parameter reduces to A( ) = q( ), where q( ) is given here by (41). It has general solution
for some constants of integration 1 and 2 . Therefore, by (32b) linearly independent solutions of (41) are given by
The inverse of the transformation mapping (38a)-(38c) to (41) then shows that a fundamental system of solutions of (38a)-(38c) is given by
which is the same as that obtained in (40).
The drawback with these two methods for solving lodes is that they require the solutions of nonlinear odes which, in general, are more difficult to solve than the original lode. As far as odes are concerned, the Loewy decomposition method is designed in principle for lodes of all orders. However, that method does not seem to be accessible because its scope is quite limited, due in particular to the fact that the implementation of its algorithm involves a very high computational cost. The Loewy decomposition theory has also quite a large and very specific vocabulary of its own taken from differential algebra. Moreover, there are too many types of Loewy decompositions for a given linear differential operator, and there are in particular 12 such types for third-order linear operators alone. On the other hand the Loewy decomposition method is limited only to equations with rational coefficients for which the solutions of the corresponding (nonlinear) Riccati equations for finding the coefficients of the factorized operator are available.
Of course the method proposed in this paper for finding solutions of lodes is limited to the case of equations of maximal symmetry. The determining nonlinear secondorder equation (37) for finding the source parameter is however the same for equations of all orders since 2 is an arbitrary coefficient in (37), and it is also linearizable as already indicated. Moreover, as Theorem 3 shows, it is easily applicable to equations of all orders as long as (37) can be solved for .
Nevertheless, it should be emphasized that the most important result obtained in this section is not a method for solving a given lode. It is rather the fact that to any arbitrary smooth function we have associated a lode of maximal symmetry and arbitrary order and for which the closed form solution is given by (33). This shows that such equations are highly solvable, because traditionally most solvable lodes are limited to those having rational coefficients.
Concluding Remarks
In this paper, we found a cost effective algorithm for generating lodes of maximal symmetry. This algorithm corrects the wrong one proposed in [2] , as quoted in the paper. We have also shown how such an algorithm can be used to easily identify linear odes of maximal symmetry and proved some fundamental results concerning the reduction of odes of maximal symmetry to canonical form. We also found general and optimal expressions for their general solutions.
Clearly, the source equation (18) is hardly solvable for arbitrary values of the corresponding coefficient q. We have however shown that for every given nonzero smooth function , where the function may include in particular any kind of special function, the general solution of any th order lode of maximal symmetry in normal form generated by the differential operator having as coefficient is given by the closed form expression (33).
On the other hand, the inverse problem of finding for a given value of q turns out to be equivalent to solving a different lode of the form (18) , because the nonlinear secondorder ode A( ) = q is linearizable. Nevertheless, it seems quite possible to describe all possible values of the arbitrary coefficient function q by an appropriate choice of a source parameter . This in turn would then mean that all linear odes of maximal symmetry are exactly solvable.
